Abstract. Given a certain kind of linear operator A (possibly a differential operator or a properly supported pseudodifferential operator) between sections of Hermitian vector bundles over a Riemannian manifold, a necessary and sufficient condition is obtained for the operator A to be solvable in a class of nonstandard sections in a generalized sense of weak solutions. The existence of a fundamental-solution-like internal section is established in the solvable case.
Introduction
Let E and F be C ∞ Hermitian vector bundles over a Riemannian manifold M , and let A : Γ Here (T, ϕ) F is defined by extending the inner product (, ) F in the space of L 2 -sections of F ( §4, (4.1)). The left-hand side of the equation in (1.2) can be defined if u is an L 2 -section of E, or if u is a generalized section of E and if the support of A # ϕ is compact for every ϕ ∈ Γ ∞ 0 (F ). Then for the equation (1.1) to be solvable, it is clearly necessary that the following condition be satisfied:
We generalize the notion of solvability in order to be able to deal with nonstandard sections by reformulating (1.1) and (1.2) properly using nonstandard analysis.
We then show that the condition (C1) is necessary and sufficient for (the reformulated equation of) (1.1) to have a solution in the nonstandard extension * (Γ ∞ (E)) of Γ ∞ (E) ( §4, Theorem 4.2). Our present work is partly motivated by some results in T. Todorov [6] and [7] , where existence results are established for linear partial differential equations (with smooth coefficients) on open sets of R d (in other words, he studies in the product complex line bundle case E = F = Ω × C with M = Ω an open set of R d ). In this paper, we first show that for the nonstandard extension * A of the operator A and for each internal
is solvable in a certain generalized sense of weak solutions if and only if f satisfies a condition similar to (C1) (with T replaced by f ) ( §3, Theorem 3.1). Then we show that this treatment applies to the equation (1.1); moreover, we also obtain a result on the existence of a fundamental-solution-like internal section for (1.1) ( §4, Theorem 4.2). Finally we prove the existence of an internal section (depending on A) that plays a fundamental role in constructing a solution of (1.1) for each generalized section T of F satisfying (C1) (Theorem 4.3) .
We obtain our results using the notion of hyperfinite-dimensional internal vector space in the framework of nonstandard analysis. As for the preliminary knowledge of nonstandard analysis, see for example [3] , [4] . We work with a sufficiently saturated nonstandard model.
Notational preliminaries
Let N be the set of all (strictly) positive integers, and let R [resp. C] be the set of all real numbers [resp. complex numbers]. We denote by
, where E is the dual bundle of E and |∧ M | the complex line bundle of densities over M (see [2] ). The space of generalized sections of E is denoted by Γ −∞ (E). For two vector bundles
For simplicity of notation, we write ⊗ for * ⊗ (the nonstandard extension of ⊗). Similarly, we write for * . In what follows, let (M, g) be a (finite-dimensional, σ-compact) C ∞ Riemannian manifold, and let π E : E → M and π F : F → M be C ∞ Hermitian vector bundles with Hermitian metrics h E and h F , respectively. Let dv g ∈ Γ ∞ (|∧ M |) be the Riemannian volume density associated with g (see [5] 
3. Nonstandard solvability of (1.3)
be a linear operator (a C-linear map) with formal adjoint
By the transfer principle, we have
, we study the existence of an element u ∈ * (Γ ∞ (E)) with * u E ∈ * R that satisfies the equation
in the sense that
by transfer of the Schwarz inequality. The following theorem concerns the solvability of (3.2). 
(3.3). Then clearly f satisfies (C2).
Conversely, suppose f satisfies (C2). In the case A # = 0, we have only to let u = 0; so assume A # = 0. Set License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use * -dimension of V be * dim V = ν, which is an infinite hypernatural number (ν ∈ * N ∞ ). We can pick a basis {ψ 1 , . . . , ψ ν } for V such that
By applying the transfer principle to (3.1), we have
by transfer of the Schwarz inequality, and the ν 0 × ν 0 internal Hermitian matrix
(Note that both sides of (3.10) are 0 for j = ν 0 + 1, . . . , ν.) Since every
it follows from (3.10) that the above u in (3.9) satisfies (3.3). 4. Nonstandard solvability of (1.1)
Note that this is consistent with the notation (,
Using the nonstandard extension
The following key lemma enables us to apply Theorem 3.1 to the study of the equation (1.1). (3.4) and proceed as in the proof of Theorem 3.1 to obtain a hyperfinite-dimensional internal vector subspace V of Since each * ϕ ∈ σ (Γ ∞ 0 (F )) is expressed in the form (3.11), we see that (β(T ),
Lemma 4.1 (Key Lemma). There exists a C-linear injection
The injectivity of β is clear. Now we reformulate (1.1) and (1.2). The following theorem concerns not only the nonstandard solvability of (1.1) but also the existence of a related fundamentalsolution-like internal section. 
